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At present there are quite a large number of papers devoted to various
aspects of the problem of the magnetohydrodynamic boundary layer. The
formulation of the problem of the magnetohydrodynamic boundary layer,

for the case of small magnetic Reynolds numbers (Bn), can be found in
[1}, for the case of large R“l in [2-3]. In the course of development of
these papers classes of solutions of the respective problems were in-
vestigated, and particular problems were solved. In the present paper, a
systematic presentation is made of considerations and relationships con-
cerning the formulation of the problem, (some of which are contained in
one form or another in earlier papers). These considerations may be found
useful in various complex cases arising in the formulation of the prob-
lem. In the interest of simplification, we shall consider only the bound-
ary layer in an incompressible fluid.

Let us assume that, under the influence of either viscous or electro-
magnetic forces, or under the influence of both of these forces, a
narrow region of flow develops in a stream, namely the boundary layer,
in which the usual boundary layer assumptions for the velocity components
are valid. Let & be the thickness of that boundary layer, where §/L << 1,
L being a characteristic length along the boundary layer.

If in the boundary layer under consideration viscous forces are
appreciable, i.e. 1f the boundary layer is "viscous", then we obtain
from the comparison of viscous and inertial terms in the equations of
motion (udu/dx ~ volu/dy?) for the thickness of the boundary layer

5,
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Here and subsequently x and z denote the streamwise and normal
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coordinates within the boundary layer. Projections of vectors on the
plane xz have the index v, y is the coordinate across the layer. Pro-
Jections of vectors on this axis in some instances are indexed n. If
Rg<C1, then the layer will not be viscous (5§ < 8,). In the cases where
the magnetic Reynolds number is

Bpyp >1 (Rmz, = 4ﬂGULf62)

there may develop a "magnetic" boundary layer in the stream [2-3], i.e.

a narrow layer, in which the magnetic field and the flow field of the
electric current change sharply. If we define the thickness of the magnetic
boundary layer, &. as the distance, over which sharp variations of the
magnetic field and the field of currents across the boundary layer take
place, then by equating terms of equal order of magnitude in the induction
equation

ot (VxH) 4+ v AH=H V)V~ (v V)H + vpAH =0

we obtain
H““—UNVm Az for R, ; > 1
L 5?
or
L 4taUd L
Pl T e orvined f v P —
8~ Vi or Rpy = —; 5> 1

If R g >> L/8, the flow inside the boundary layer is described by the
equations of magnetohydrodynamics for o = . It is assumed that dissoci-
ation, as a consequence of electric currents, does not take place. Sur-
face currents may also be encountered. The thickness of the boundary
layer in this case is not related to the magnetic Beynolds number, but it
is determined by some other factors, for example, by viscous forces.

The relative thickness of the viscous and the magnetic layers is de-
termined for R ; >> 1 by the parameter [4-5]

Y H, Vin

For ¢ ~ 1 the thicknesses of the viscous and the magnetic layers are
comparable (§ ~ 8, ~ 5.). This case is investigated in [2]. For ¢ < 1
(8§ ~85,, §, << &5.) the boundary layer will be a magnetic layer in an

1

ideal fluid (Seef for example, [3]).

In this case there may exist in the boundary layer surfaces of velo-
city discontinuity corresponding to the viscous sublayer. Flow in a
viscous boundary layer (sublayer) for e << 1 depends upon the magnetic



The magnetohydrodynamic boundary layer 1235

Reynolds number, calculated from §,. For ¢ >> 1(5 ~ §,, Sj << 5,,) the
layer under consideration will be viscous. In this case a magnetic sub-
layer may turn out to be a surface current, while the flow in the bound-
ary layer must be treated on the basis of the magnetohydrodynamic equa-
tions for 0 = ®. In all these cases (R ; >> 1) the widest portion of the
stream, located outside the boundary layer, is described by the equations
of magnetohydrodynamics for o = ®. Some approximate solutions of the
boundary layer problems for ¢ > 1 and e << 1 are given in [4-5].

If the parameters which define the problem are such that R_; <1, then
R < 1. If strong outside electric fields are also absent (E<CUH/c),
then by comparing the terms in Ohm’s law

c v

the distance §* may be evaluated, in which the magnetic field changes
appreciably. In the general case

vxH
z‘;—rotﬂlglo ’

)

where the sign of the inequality corresponds to the case R g+ > 1. In

the case of a small magnetic Beynolds number

nvld vxH
[

[4
—ErotH

and the evaluation of the magnitude of 5* yields

L L 8
6_*~RML=R"‘5T’ for F~Rm§<1
Hence it follows that the boundary layer under consideration will not
be a current layer, because §* >> §. The thickness of the boundary layer
in this case is determined by viscous forces and & ~ L/ R .

Note: If strong electrical fields are created by external agencies
(E >> UH/¢), the hydrodynamic problem is simplified, because the electro-
magnetic force in this case is defined only by the "external" electric
field and by the currents produced by it. Consequently, the electro-
magnetic force is a given quantity, since the distribution of the ex-
ternal fields and currents may be determined independently.

From the evaluations, given below (6) to (7), it will be seen that
the convection currents (pev) may be neglected in Ohm’s law. We shall
merely note, that these currents may not lead to an appreciable change
of the magnetic field in the boundary layer, since, when comparing the
terms c¢/4w rot H and pV (expression for p, see below (1)), we find that

5/5% ~ U%/c2.
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Hence, for R ; C1 the currents which flow in the boundary layer are
small, so that they will not lead to an appreciable change of the mag-
netic field. The magnitude of the magnetic field is determined from the
solution of the problem outside of the boundary layer. (If the boundary
layer is assumed to occur on a body, then the free stream problem com-
prises the solutions of the problems of flow of an ideal fluid past an
immersed body and the problem of finding the field inside the body.) If
Ry << 1, then the magnetic field in the entire stream may be considered
to be a given quantity (in the problem of flow past an immersed body it
is determined by the currents flowing in the immersed body). The formula-
tion of such a problem, in the particular case where a magnetic field is
given, is presented in [1]. If Ry ~ 1, then the equations of magneto-
hydrodynamics must be solved in the stream outside of the boundary layer
and the solution for the magnetic field must be matched {in the case of
flow past an immersed body) with the solution for the distribution of the
magnetic field in the body.

The influence of the electromagnetic field on the flow in a boundary
layer in the case R ; {1 is signified by the presence of the electro-
magnetic force

=pE+—+jxH=pE+ Z(E+ ) xH
where in the case of flow in a boundary layer H is a given quantity which
depends on the coordinates within the boundary layer. Consequently, in
order to solve the problem of a boundary layer for R <C1, it is neces-
sary either to know the distribution of the volume charge p, and of the
electric field E inside the boundary layer, or else to include equations
by which these quantities may be determined. By applying the operation
div to Ohw’s law, we obtain the distribution of the volume charge

4np, = divE = — Ldiv(vxH) = — > (Hrotv—vrotH) (1)
The electric field is described by the Maxwell equations
rot E =0, div E = 4np, 2)

and it depends in general upon the distribution of the charge density in
the boundary layer, in the free-stream and, in the case of flow about a
body, in the body.

In the case investigated in [1] of plane flow, with H = const and
directed in the plane of flow and p, = 0 in the free-stream as well as
in the boundary layer. Also E = 0 in the whole stream and the electro-
magnetic force is defined only by the velocity field and the magnetic
field.
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If R; << 1, then the magnetic field is determined by the currents
which flow outside the region of flow and, consequently, in the boundary
layer and in the free stream rot H = 0. It is to be noted that condition
H = 0 in this case does not imply that the current density is zero.

If R; ~ 1, then rot H # 0 and in the boundary layer
4rts 1
rot H =T[E + ;—va]

By evaluation in the boundary layer and by using the fact that in the
boundary layer oH/3y = 0, we obtain for the charge density:

3)
— 4nep, = H-rot v—v-rot H=H_ rot_ v +H, - rotnv—-é—?—sv-Exx
1 for R, ~1

a 4
:glv,xﬂtl—{hﬂnrotnv——?(vfEr)x—|—0(6), n:::{o for R <1

Hence it follows that the charge density in the boundary layer

HU 1 1 3
P~ 5~7F fof @gv,xﬁ,lq‘:() (4)
po~ 2t tor %}v,xH,):O (5)

If we consider the boundary layer on the immersed body, then on the
body |v. x H.rl = 0, because v. = 0. Consequently, Equation (4) corre-
sponds to the case ‘v_‘. x H.rfm # 0, and (5) corresponds to the case

!v,r X ﬂ.rfm = 0.

We shall show that in spite of the presence of the charge density in-
side the boundary layer, we may neglect the "electric" force peE in all
cases of practical importance. Indeed when comparing terms p F and
(0/c)E x H in the force expression, we obtain

jgz<i, if %{v__xntgzo (6)

v vt VR

P, E|<<|ExH| for - ,
|Gt gromise o

Inequality (6) is always considered to be valid, because it is pre-
dicated upon the neglect of the displacement currents [6]. Inequality
(7) may be violated for R, <1, if the viscosity is very small
& ~ U?L/c?. But in this case the boundary layer does not really exist
since it is transformed into a charged vorticity layer in an ideal fluid.
If a viscous boundary layer exists, inequalitg {7) may be violated only
in the case of very small RuL(RuL ~ U (R;/c®)). In this case, by com-
paring the magnetic with viscous forces in the equations of motion, it is
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found that the electromagnetic forces will exert an influence upon the
flow in the viscous boundary layer, if

U
ki

Hﬂ Hﬁ S

v
i.e. in the case of exceedingly large magnetic fields. Let it be noted
that Equation (8) may be obtained by relating the electric force p L to
the viscous forces, if the evaluations (4), (5) and the relation ECUH/c
are used.

In this manner, the electromagnetic force for the flow in a boundary
layer is

i=<-(E+--xH)xH 9)

When comparing the electromagnetic force (9) with the inertia forces,
it is found that the electromagnetic forces exert an influence upon the
flow in the boundary layer for R, <1, if [1]

oH3L H3

Instead of this parameter a parameter may be used which arises from
the ratio of the viscous and the electromagnetic forces

M[,z HL
S e 1, M = V-T“——;——-"TV; (¥ is the Hartman number) (10)

Relationship (10) shows that in the case of small Hartman numbers
M < JBL) the electromagnetic forces do not influence the flow in the
boundary layer.

Hence, to solve the problem of the boundary layer an additional force
must be introduced into the equation of the boundary layer, which is de-
termined by Equation (9) and in additiopn also by Equation (2). But since
the electric field in the boundsary layer depends upon the external charge
distribution, and the boundary conditions for the solution of the ex-
ternal problem depend upon the charge concentrated in the boundary layer,
the equations of the boundary layer and the free stream in general may
not be solved independently. On the basis of certain considerations and
the investigations developed below, it is possible, however, first to
simplify Equation (2) within the limits of the system of boundary layer
equations and, second, to formulate the boundary conditions for the ex-
ternal problem so that it would be possible to solve the external prob-
lem and the boundary layer equations separately.

In setting up the equations of motion in the boundary layer it is
necessary to take into account only the main (in terms of &) terms in
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the Expression (9). Therefore, if any quantity in (9) is of order of
magnitude § in the boundary layer, then the terms which contain this
quantity may be neglected. On the other hand, if any quantity undergoes
a variation of the order of & inside the boundary layer, then the value
of this quantity must appear in (9) as obtained from the solution of the
external problem while disregarding the boundary layer.

The quantity H in (9) is calculated from the solution of the external
problem. For R;=C1 it does not depend on the flow in the boundary
layer, therefore H must be assumed to be of the order of 1 (with respect
to 8) for the flow in the boundary layer. Since in the boundary layer
u~w~ 1 and v~ 5, the expression ue + we is to be substituted for
the velocity in (9).

Let the principal part of the electric field which is used for cal-
culating the forces in the boundary by fquation (9) be denoted by E°.
The expression for the force in the boundary layer equations in this
case has the form

=2 (E° + ue; +we;) x H (1)

The electric field in the boundary layer is determined by the solu-

tion of the external problem and the distribution of charge inside the
boundary layer. If BIVT x HT’/ay = (), then because of (5) the order of
p, ~ 1 and the summed charge of the boundary layer will be a quantity of
the order of §. Evidently, the variation of the electric field produced
by the external sources on account of the charge concentrated inside the
boundary layer, will be of the order of 5. Consequently, for BQVT X HT{/
dy = 0 the electric field E®in (11) must be regarded to be the field
produced externally in relation to factors residing in the boundary
layer while in solving the external problem E° is to be taken as a con-
tinuous function at the location of the boundary layer. Therefore, if
B‘VT x HT‘/By = 0, then in the solution of the boundary layer problem E°
in Expression (11) will be a known function which is dependent only on
the coordinate along the boundary layer and is determined by the solu-
tion of the external problem.

In the case of the boundary layer along a body the matter under con-
sideration corresponds to the condition IVT X “T|m = 0. In this case if
the immersed body i1s a dielectric, Jn = En° = (0, must be taken as the
boundary condition on the body for the external problem. But if the body
is a conductor the condition is E.° = 0.

if EIVT xlirl/By # 0 then, as a consequence of (4}, p, ~ 5! and the
total charge of the boundary layer is of the order 1. Also, the charge
concentrated in the boundary layer influences materially the external
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electric field and the variation of the electric field inside the bound-
ary layer may be a quantity of the order of 1. Consequently, E®in (11)
will be a function of the coordinates inside the boundary layer, and to
render this problem complete in this case, Equation (2) is to be added

to the boundary layer equations. Using the values pertaining to the
boundary layer, the system (2) is simplified by retaining only the main
terms (E®) in it.

Since the boundary layer is a narrow charged layer, the component of
the gradient of the electric field AE, normal to the layer in this case
is of the order

o0
AE§f~a4ﬂS pedy,~,4n-~—
o
The tangent component of the electric field is

Etg-}w;

Consequently, in the calculation of the principal part of the electric
field E°, instead of the second Equation (2), we may use the equation
9E,° 18]V, xH_|

dy = 4np ¢ dy

(12)

In analogous evaluations of the equation rot E° = 0, it is found that
the variation of the tangent component of the electric field {AE;} across
the boundary layer is of the order of &
ok,

~--~6

|aE.

Consequently, in making calculations of the force (11) instead of the
first Equation (2) the following equation may be used

OE. /9y =0 (13)

Equations (12), and (13) have a simple physical meaning, namely of the
continuity of the tangent component and of the variation of the normal
component of the electric field proportional to the charge density at
the transition through the narrow charged layer. Dy integration of (12),
we obtain

1

Enoz*?{vaH!f"{“f(x: Z) (14)

and, using Ohm’'s law

i =0 (B4 1vex Hel ) =of (3, 2)
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The last relationship shows that in the boundary layer equation
9j °/3 = 0 is valid. This permits the boundary conditions for the ex-
ternal problem to be formulated not in terms of the electric field, but
in terms of the charge density. Hence it follows, that for the determina-
tion of E® in this case (3{" x H.J/By # 0) the external problem must be
solved with the assumption that at the points which correspond to the
boundary layer there is a layer, the surface charge of which has the
density

szr:t—z(i\f,xﬁg! *‘lthHrt

Y=+ yahn)

In the case of the boundary layer on a body, this corresponds to the
condition !v& x.ﬂT‘w # 0. If the immersed body is dielectric, then the
condition j © = of(x, z) = 0 serves as a boundary condition on the body
for the solution of the external problem. If the immersed body is a con-
ductor, then the ocutside problem must be solved using the ccndxtlon

= 0 on the surface of the body while the function f(x, 2z} = o~ ;
for y = 0 is defined in this case by the solution of this problem.

1f va x HTf/a = 0, then Equations (12} and (13) express the fact
that E° is not changed in the boundary layer, that is, in order to solve
for E° in Fquation (11) the external problem must be solved in this case
as already shown above, assuming that the charge concentrated in the
boundary layer is zero. In [8] which was published very recently, analo-
gous derivations were obtained for the boundary layer problem in a medium
with anisotropic conductivity.

Let it be noted once more that the given considerations refer not to
the calculation of the distribution of the electric field in the bound-
ary layer, but only to the calculation of its principal part, which is
required for the determination of the force in the boundary layer equa-
tions.

Projection of the momentum equation on the normal to the boundary
laver y yields

dp ., 1,.
- §§‘+-27¥J¢ *H | =0
i.e. the variation of the pressure (Ap) across the boundary layer is
Ap L6

and we may use equation 9p/Jdy = 0 when solving the problem of the bound-
ary layer.

Summing up the considerations above we write the system of equations
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which describe the flow (velocity field) in the boundary layer for the

case R, <1
AL ™S
zzg“ Ju f}_m Fu 1 9p G o 1 -
aax~f*v~a-"§+waz Va—yzw——""?‘é—;*!"—a;(E —{-‘TVI;XH)XII&
op __
F=0
ow dw dw Fw 1 dp S o, 1
b TV TV TV = 5 e T (B vexH)x B (15)
Ju ) dw
& Tyt =0
N 1
E.° = -—-;v,xﬂr—f—f(x, ), E.° = E° (2, 2), H = H{(z, 2)

Functions f(x, z), 810('"! z), H(x, z) are determined from the boundary
conditions and from the solution of the external problem.

In the case R; <<l the external problem for the boundary layer on a
body reduces to the equations

dv

p dt“—“-—-gradp«'%«—}(li%——g——vxll)xﬂ, divv =0
rot E =0, div E = — Ldiv (vx H) (16)

with the boundary conditions for y = 0

" .1 for flow past an immersed
Gy = Up = 0, Ey = — ‘é‘ 'V-;- x H': iuzo ( dielectric)

for flow past an immersed
vp =0, E;lymo = 0 ¢ conductor)

H in the given system is determined from the independent system
rot H=2"3  divH =0 17

where j* is the current density outside the region of flow.

The distribution of an electric field in the body is found from the
equations

rot E =0, div E = 4np;

where p * is the charge density in the body (in a conductor p, = 0). The
boundary condition for the solution of this system is represented by the



The magnetohydrodynamic boundary layer 1243

value of E on the body obtained from the solution of the system (16). The
quantity derived from that equation defines the surface density of
electric charge E which forms on the surface of the immersed body, be-
cause in the solution of the boundary layer problem on a dielectric

Enoi =0 = Enol =p = 0, and on a conductor ERO‘ =¢ = flx, z), where
f(x,” z) is defined by the solution of system (16{.

In the case R ; ~ 1 the external boundary layer problem on the body
is reduced to the equations:

in the region of flow

p o = —gradp+ = (ot HxH),  divv =0
(18)
rot (vxH) + vuAH =0, E = (v,rot H— vxH)

outside the region of flow
rt H="Lj  divH=0, rotE=0, divE=4mp, (19)
If the immersed body is a dielectric, then
on =0, Tot, H=0 for y=0

and the solutions of the systems (18) and (19) must be harmonized for
y = 0 (at the points that correspond to the boundary layer) with the
conditions of continuity of the functions E; and H.

If the immersed body is a conductor, then
on =0, E;.=0 fory=0

and the solutions of systems (18) and (19) must be harmonized for y = 0
by the conditions of continuity of the functions E, H, rot H.

Some of the partial solutions of the boundary layer problem on an
electrode are contained in [7]. By the use of certain additional assump-
tions these solutions may be considered to represent the solutions of

the system (15) and (16) to (17).

The solution of the system (15) defines the velocity field in the

boundary layer. In order to determine the current field in the boundary
layer from Ohm’s law

j=c(E+—}-va) (20)
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besides the solution of (15) the distribution of E in the boundary layer
must be known.

In first approximation, as shown above, the current density may be de-
fined by the equation

j= c[E" -+ -%5— (ue,;{-we{)]

where E© is determined from Equations (12) and (13). If more detailed in-
formation on current distribution in the boundary layer is desired, terms
of the order in Equation (20) must be taken into account. Hence, to find
the velocity, the complete solution of the system (15) is required by
taking into account the normal component of the velocity. For the deter-
mination of E the system of equations is to be utilized which permits
calculating E to terms of the order of &.

Such a system may be obtained from (2) and (3) by making correspond-
ing evaluations. Let us represent E in the form of a sum E = E° + E!,
From the foregoing considerations it follows that E! <8, Substituting
E =E°® + E! in the system (2) and evaluating the order of the derivatives,
we obtain for E® the system (12) and (13) and for E! the following equa-
tions:

8;3;1 =0 for ?&g;—ﬂ—f!:() (21)
aff = — L Hurotyv 4 Sy g 22 %
aaf’;x‘ _ ag::o’ a;z;l _ asz,o for %IV*XH*'*O (22)

Arbitrary functions arising from the integration of (21) or (22) must
be determined from the solution of the external problem of the electric
field; also the charge density in the external region must vanish (the
external charge having been accounted for in the determination of E°).

Let us illustrate the above by a very simple example which has a
trivial solution. Consider the flow of an ideal fluid past a flat di-
electric plate. Let R ; << 1 and let the magnetic field, which is deter-
mined only by external sources, be homogeneous and directed along the
axis z -H=H e, . External electric fields are absent. It is easy to
prove that the following solution

e=U, v=0 w=0 j=0  E, =c¢c'UH, (23)
E. =0, E,=0, p.=0, p=const in the streanE = 01in the body
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satisfies the system (16). This solution describes a translational flow,
in which electric currents are absent. A surface charge is formed on the
plate of the density (1/4wc)UH,, which establishes an electric field in

the external stream, balancing the inductive field.

We shall look for the solution of the boundary layer problem such that
w=0, 9/0z =0, E, =0. In this case the exact equations (1) and (2) have
the form

vy _
o T =0

dE, OE 1 (a,, 8u) 0E, OE
0 )

x v Bl A hed
oz dy c oz oy

and their solution, with consideration of the equation div v = 0, has the
form

Ei=—"y  E,=H, (24)

where j = 0 in the boundary layer, hence the layer will be viscous. The
solution of Equations (12) and (13) on account of (23) is

ES =y, E°=0 (25)

Hence it follows that the electromagnetic force in (15) is zero
o H o
s= - Ho(B —2u)=0,  jy=-FHE:=0

i.e. the solution of system (15) likewise describes the usual viscous
boundary layer. This example shows the relation between the solutions of
system (15) with the solutions of the boundary layer equation and the
exact solutions of (1) and (2). The solutions of systems (12) to (13)
are sufficient for the calculation of the velocity field in the boundary
layer. Equations (12) to (13) are simpler than Equations (1) to (2) and
their use permits separation of the boundary layer problem from the ex-
ternal problem. Solutions of system (15) do not differ in the principal
terms (in terms of &) for the velocity field from the solutions of the
boundary layer equations by the use of the exact equations (1) and (2).

Solutions of Equations (12) to (13) alone are not sufficient for the
determination of the current field. Indeed, from (25) there follows

Jx = {;'l{ov; jy =0

which does not agree with j = 0, which is given by the exact equations
(1) to (2) and by Ohm’s law. This is related to the fact that in the
determination of E° from (12) to (13) terms of order & are not taken
into account, while they are taken into account in the calculation of
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the velocity. In order to calculate E correctly to terms of the order 5,
system (22) is to be used. In the case of the example under considera-
tion, because of (23) and (25) the solution of (22) has the form

¢ Jax ¢

IE,°
EL =0, E}fzg_ﬁ;ﬁ.dy:ffagau@:__{{ig ?_v_dy:___lél

i.e, solution (22) yields a result which agrees with (24).

In conclusion let it be noted that analogous results may be obtained
also in the case of various elaborations of the problem pertaining
particularly to Ohm's law, if the evaluations of the basic guantities
are not changed.
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